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Abstract—This paper presents the foundation of a modular
robotic system comprised of several novel modules in the shape
of a tetrahedron. Four single-propeller submodules are as-
sembled to create the Tetracopter, a tetrahedron-shaped quad-
rotorcraft used as the elementary module of a modular flying
system. This modular flying system is built by assembling the
different elementary modules in a fractal shape. The fractal
tetrahedron structure of the modular flying assembly grants
the vehicle more rigidity than a conventional two-dimensional
modular robotic flight system while maintaining the relative
efficiency of a two-dimensional modular robotic flight system.
A prototype of the Tetracopter has been modeled, fabricated,
and successfully flight-tested by the Decision and Control Labo-
ratory at the Georgia Institute of Technology. The results of this
research set the foundation for the development of Tetrahedron
rotorcraft that can maintain controllable flight and assemble in
flight to create a Fractal Tetrahedron Assembly.
1. INTRODUCTION
Over the past two decades, a consequence of the techno-
logical advances in lithium battery and the miniaturization
of inertial measurement units has been the emergence of
small multi-rotor aircraft. The majority of these aircraft are
structured so that their rotors lie on the same plane. This is
done for efficiency in flight, control, and simplicity in design
and fabrication. Recent works have studied the possibility
of combining several multi-rotor aircraft in a rigid flying
structure [13, 10, 12]. The main purpose of such a structure
would be to use the combined lifting power of all of its
members to transport heavier payloads. Other advantages of
modular flying structure is the ability to put in common the
capabilities of its members which could have, for instance,
different sensing capabilities. One can also imagine a system
in which a transfer of energy would occur between members
with high battery reserves and members with almost depleted
batteries. Creating a flying assembly using an array of rotor-
craft becomes a disadvantage in the face of external forces
that could cause deformations and a loss of efficiency as the
assembly grows in size or creates high internal stress leading
to structural mechanical failure. Examples of high loading
that can occur on the structure of a flight array are during the
lifting of a heavy payload or when flying in turbulent air. This
paper presents the preliminary design to a novel multi-rotor
modular robotic flight system whose mechanical properties
and efficiency do not suffer from the increase in the number
of modules.
The adverse effects of the increasing size of the assembly
are mitigated by using a fractal-inspired spatial configura-
tion of the multiple rotorcraft. A single rotorcraft is called
an elementary module and several elementary modules can
assemble at different scales to form a Fractal Tetrahedron
Assembly (FTA) based on the Sierpinski tetrahedron [4].
The goal of the FTA design is to provide rigidity in three-
dimensions while maintaining the efficiency of a virtually
two-dimensional modular robotic flight system. Different
designs of the elementary module can be considered. In
this work, we consider an elementary module consisting of a
quad-rotorcraft with a regular tetrahedron structure, as seen in
Fig. 1a. In practice, this tetrahedral quad-rotorcraft, which we
name Tetracopter, is made of four identical submodules and
a common payload including the battery and electronics of
the quad-rotorcraft. Fig. 1b shows this submodule, which has
only one rotor and is therefore uncontrollable by itself. The
results of this research are the foundation of future research of
Georgia Tech’s Decision and Control Laboratory that aims to
develop tetrahedral rotorcraft that can self-assemble in flight.
(a) Model of the Tetracopter. (b) Model of a Tetracopter single-
propeller submodule.
Figure 1: Models used for the prototyping of the Tetracopter
elementary module.
This paper is organized as follows:
• The details of the Fractal Tetrahedron Assembly are pre-
sented in Section 2, along with the analyses and results that
justify this assembly scheme. Among them are a study of
the dynamics of the assembly and some simulated results
of the internal forces of the assembly structure in different
situations.
• The Tetracopter, which is used as the elementary module
of the FTA in most of the results presented here, is modeled
in Section 3. The dynamics of the Tetracopter are derived and
ar
X
iv
:2
00
3.
07
00
7v
1 
 [c
s.R
O]
  1
6 M
ar 
20
20
the effects of the vehicle’s frame on the inflow of the rotors
are discussed.
• The prototype of the Tetracopter is presented in Section 4.
• In Section 5, the tolerance of the FTA to motor failures is
assessed.
• Directions for future work that are suggested or will be
explored by the authors are presented in Section 7.
• Finally, a summary of the findinds of this work is given in
the conclusion found in Section 8.
Related Works
The field of modular robotic systems has been of interest
to the robotics community for over a decade but is still a
rich research field. This field has a number of interesting
problems ranging from the hardware used to assemble mod-
ular robotic systems, the necessary control methods to gather
the robots in a synchronized manner, as well as the change
in control law necessary for the individual robots to work
as one united system once assembled. Ahmadzadeh and
Masehian discuss these problems and their potential solutions
in detail [1]. There has also been previous research that
delves into the connection between fractals and the assembly
of modular robots [2]. Research conducted at ETH Zurich has
shown that individual robots that are not controllable can be
assembled into a two-dimensional Distributed Flight Array
to form a system that sustains controllable flight [10]. An
ongoing project by NASA’s JPL studies the concept of flying
amphibious robots capable of assembling to form different
objects [14]. Although these works have similar elements
as the presented research, they do not involve flight vehicles
that are assembled in three dimensions nor do they address
that modular robotic systems provide structural rigidity as the
Fractal Tetrahedral Assembly does.
2. SELF-ASSEMBLY OF MULTIPLE MODULES
The Sierpinski tetrahedron architecture
The assembly pattern of the Fractal Tetrahedron UAS Assem-
bly is based on the Sierpinski tetrahedron [4], a fractal with an
overall shape similar to a regular tetrahedron. This structure
is chosen for several reasons:
• The possibility to assemble several building blocks in a 3-
dimensional fashion as opposed to a flat layout, thus improv-
ing the structural properties of the assembly;
• The main building block, a tetrahedron, is suitable for the
design of an autonomous flying module as shown in section
3;
• The fractal structure in a tetrahedron shape creates rela-
tively small structural loads in the bottom modules. More-
over, this loading scales well as combining four assemblies
only multiplies the loading by a factor of 4/3;
• When the 2D-Tetracopter is used as the elementary module,
the rotors never overlap with one another.
Generative rule of the fractal assembly
The generation of the fractal assembly is done recursively
from an elementary module using the generation rule de-
scribed below.
Let T be a regular tetrahedron of edge length l. The distance
from the center of T to its vertices is defined as r = 12
√
3
2 l.
For i ∈ {1, . . . , 4}, let pi be the unit vector pointing from the
center O of T to the vertex vi as shown in Fig. 2.
O
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0
3
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Figure 2: Generation of the 1-assembly from the elementary
module.
O
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Figure 3: Generation of the 2-assembly from the 1-assembly.
Let B be a rigid body used as the elementary module of the
fractal assembly. The 0-assembly is defined to be equal to
the elementary module. For n ≥ 0, The (n+1)-assembly
is defined as the rigid body made from four identical n-
assemblies A1n, A2n, A3n, and A4n translated respectively by
pn+11 , p
n+1
2 , p
n+1
3 , and p
n+1
4 and connected together with
rigid joints. pn+1i is defined by p
n+1
i = 2
nrpi.
With this definition, the elementary module can be of any
shape. However, in practice, the shape is constrained so
that one can find enough connection points to connect all
the elementary modules without having them overlapping.
Another desirable property of the assembly that can be sought
is that it respects the rotational invariance of the tetrahedron.
As shown in [7], it is possible to create such an assembly from
the five regular convex polyhedra. It would be therefore pos-
sible to adapt this work with a different elementary module,
such as a flying cube or octahedron.
Propeller disk area of the Tetracopter fractal assembly
An important consideration of the fractal tetrahedron design
used in conjunction with the Tetracopter elementary module
is that no rotor is ever directly above any other rotor. It can
indeed be shown that the projection of the area covered by all
the rotors on the horizontal plane is a set of disks that do not
overlap as shown on figure 4.
The total area AR covered by the rotors is therefore the sum
of all the disks areas. The ratio of AR by AB, withAB being
the area of the base of the assembly, is the same at every scale
of the assembly. Indeed, combining 4 assemblies multiplies
both the rotor area and the base area by 4. Therefore AR
depends only on the size of the fractal tetrahedron assembly
but not on the size of its elementary modules. If we define a
as the length of a side of the triangular base, the rotor area is
3(a) 41 = 4 rotors (b) 42 = 16 rotors (c) 43 = 64 rotors
(d) 44 = 256 rotors (e) 45 = 1024 rotors (f) 46 = 4096 rotors
Figure 4: Projected view of the area covered by the rotors of
the fractal tetrahedron assembly at different levels.
equal to the area of the inscribed circle of the base:
AR = pi
12
a2. (1)
On the other hand, the area of the triangular base is given by
AB =
√
3
4
a2. (2)
The ratio of the total disc area by the area covered by the base
of the assembly is therefore equal to
pi
3
√
3
.
In comparison, the maximum disk occupancy achievable on
the plane is equal to
2pi
3
√
3
.
This value would correspond to tiling the plane with reg-
ular hexagons and considering the inscribed circle of each
hexagon.
Inertia of the fractal assembly
Letmn and Jn be respectively the mass and the inertia tensor
of the n-assembly for n ≥ 0. The subscript is omitted for n =
0, such that m and J are the mass and inertia tensor of the
elementary module. By applying the parallel axis theorem on
each inertia tensor of the 4 components of the (n+1)-assembly
and adding them, we obtain the following formula:
Jn+1 =
4∑
i=1
Jn +mn
(
(pn+1i · pn+1i )I3 − pn+1i
T ⊗ pn+1i
)
= 4Jn + 4
nmnr
2 (4I3 −M) .
where ⊗ is the Kronecker product and
M =
4∑
i=1
pi ⊗ pi = 4
3
I3.
Since mn = 4nm, we can write
Jn+1 = 4Jn +
8
3
16nmr2I3
Jn+1
16n+1
=
1
4
Jn
16n
+
1
6
mr23
Jn+1
16n+1
− 2
9
mr2I3
=
1
4
(
Jn
16n
− 2
9
mr2I3
)
=
1
4n+1
(
J − 2
9
mr2I3
)
which finally gives
Jn+1 =
2
9
16n+1mr2I3
+ 4n+1
(
J − 2
9
mr2I3
)
. (3)
Dynamics of the fractal assembly
The linearized dynamics of the fractal assembly are derived
recursively. The derivation is made for an arbitrary elemen-
tary module with four propellers under the assumption that
the center of mass of each assembly is at the center of the
tetrahedron it forms.
Let us consider four identical n-assemblies each made of 4n
elementary modules and 4n+1 propellers that are combined
to make a (n+1)-assembly. For each n-assembly considered
separately and indexed by i ∈ {1 . . . 4}, we can consider
the forces and moments acting on its center of mass in the
body-fixed frame for a given vector of controls ui of size
4n+1. We write Ti the total thrust it produces, MTi the
torques induced on its center of mass by differential thrust,
and MCi the torque induced by the rotation of the assembly
rotors (gyroscopic effects and counteracting torques). The
equivalent quantities for the (n+1)-assembly are given by T ,
MT , and MC , respectively. The concatenation of the four
control vector ui is the control vector of the (n+1)-assembly,
given by
u =
u
1
u2
u3
u4
 .
The attitude of the four n-assemblies and of the (n+1)-
assembly that they constitute is shared since the structure
is assumed rigid. This attitude is given by the vector of
angular velocities written Ω. Those terms are the only ones
necessary for the derivation of the linearized dynamics of the
fractal assembly since all the other terms vanish during the
linearization. When combining the four n-assemblies, the
following equalities hold:
T =
4∑
i=1
Ti
MT =
4∑
i=1
pn+1i × Ti +MTi
MC =
4∑
i=1
MCi .
(4)
Moreover, for each n-assembly i and for a small change in Ω
and ui, the change in thrust and moment can be quantified
by introducing the matrices Man(u
i), M bn(u
i), M cn(u
i), and
Mdn(u
i), which come from the linearization of the forces
and moments described previously around the state Ω and
controls ui. This linearization can be written
∆Ti = M
a
n(u
i)∆ui
∆MTi = M
b
n(u
i)∆ui
∆MCi = M
c
n(u
i,Ω)∆ui +Mdn(u
i,Ω)∆Ω.
(5)
Combining (4) and (5) provides recursive relations between
the matrices Man+1, M
b
n+1, M
c
n+1, M
d
n+1 and M
a
n , M
b
n, M
c
n,
Mdn around a chosen equilibrium point. The dependency of
theses matrices to the equilibrium attitude and controls are
omitted for brevity. For the specific case whereui = u014n+1
for every i ∈ {1 . . . 4}, these recursive relations can be
written
Man+1 = 14 ⊗Man
M bn+1 = 2
nr [[p1]×|[p2]×|[p3]×|[p4]×] (I4 ⊗Man)
+ 14 ⊗M bn
M cn+1 = 14 ⊗M cn
Mdn+1 = 14 ⊗Mdn
(6)
where 1p = [11 . . . 1] is a matrix of size 1× p for p ≥ 0 and
[p]× is the matrix corresponding to the left cross-product by
p.
Finally, by defining
Q = [[p1]×Ma0 |[p2]×Ma0 |[p3]×Ma0 |[p4]×Ma0 ] (7)
we can write
Man = 14n ⊗Ma0
M bn = 14n ⊗M b0
+ rQ
n−1∑
k=0
2k (14n−k ⊗ I4 ⊗ 14k ⊗ I4)
M cn = 14n ⊗M c0
Mdn = 14n ⊗Md0 .
(8)
The matrices Ma0 , M
b
0 , M
c
0 , M
d
0 are given by a linearization
of the dynamics of the elementary module. The derivation
of the dyanmics is made in the case of the Tetracopter in
section 3. One can notice that the norms ofMan ,M
c
n, andM
d
n
are proportional to 4n while the dominant term in M bn grows
proportionally to 8n. Therefore, by looking at the moments
equation for the n-assembly in which quadratic terms are
omitted:
JnΩ˙ ≈MT +MC ,
if the inertia is replaced using (3), and if the moments are
replaced by their linearization around an equilibrium point
with only the dominant terms as n grows kept,
2
9
16nmr2 (4I3 −M) Ω˙
≈ rQ
n∑
k=0
2k (14n−k ⊗ I4 ⊗ 14k ⊗ I4) ∆u
(9)
and one can see the left side of the equation grows proportion-
ally to 16n while the right side grows with 8n. As n grows
bigger, the dynamical system linearized equations can be seen
as an expanded version of the reduced dynamical system and
the system is expected to roughly behave similarly, with a
characteristic time constant multiplied by 2n.
Internal forces of the fractal assembly
The analysis of the internal forces of the fractal assembly
structure can be made by representing the fractal assembly of
4n tetrahedra as a truss of mn members and jn joints. Since
each tetrahedron is made of 6 members, mn = 6× 4n while
the number of joints, found by induction on the size of the
assembly, is given by jn = 2(4n + 1).
Therefore we have
mn + 6− 3jn = 0
and the truss is statically determinate internally. The direct
stiffness method can be applied to evaluate the internal loads
applied on each member in different scenarios. A similar
analysis is done on the two dimensional Sierpinski gasket
truss in [6]. The authors of the mentioned publication show
that the members internal forces of the truss do not differ
much from the forces present in the complete triangle tes-
sellation truss of same dimensions.
In the three dimensional cases, different simulations are
performed to evaluate the rigidity of the assembly and the
potential structural failures that could occur. The truss mem-
bers parameters come from the type of tube used for the
construction of the Tetracopter frame. The loads on the 2-
assembly are computed with the direct stiffness method in
three different scenarios:
• At rest lying on the plane only supporting its own weight;
• Hovering a payload attached to the top elementary module;
• Hovering a payload attached to three different attachment
points at each of the bottom corners of the assembly.
In the hovering situations, the payload weight is gradually
changed from to 0 kg to 30 kg, which represents about 2.53
the weight of the 2-assembly. Fig. 5 shows the maximum
compressive and tensile loads applied to the members of the
truss. During all scenarios, the displacements of the nodes
remain negligible (under 10−6 m), such that the structure
deformation is minimal.
Figures 6 to 8 show the trusses and the loads applied on its
members in the three different scenarios. For the two payload
lifting scenarios, the payload is set to 30 kg. We can observe
that the top members are subject to higher loads than the other
members. However, they still remain significantly under their
critical buckling load, equal to 659 N when computed with a
length factor of 2.
3. MODELING AND CONTROL OF THE
TETRACOPTER
Nonlinear dynamics
The Tetracopter is represented as a rigid body and its dy-
namics are derived with the Newton-Euler equations. The
derivation of the nonlinear dynamic equations does not differ
much from the derivations found in other papers that model
flat quadcopters [8, 11, 3, 15]. However, the particular
5(a) Single point top attachment scenario
(b) Three-point bottom attachment scenario
Figure 5: Maximum compressive and tensile laods in the
members of the 2-assembly truss as the payload is increased
Figure 6: Loads applied on the truss members for the struc-
ture at rest. Blue colors indicate compressive forces while red
colors indicate tensile forces.
placement of the rotors implies a different expression of the
torque induced by the differential thrust in (23).
We consider an inertial reference frame and a body-fixed
frame as shown on Fig. 9. The position and orientation of
the body-fixed frame in the inertial frame is given by the
translation vector ξ and the Euler angles η defined by (10)
Figure 7: Loads applied on the truss members for the
hovering of the structure in the single point top attachment
scenario. Payload is equal to 30 kg, or about 2.53 times
the assembly mass. Blue colors indicate compressive forces
while red colors indicate tensile forces.
Figure 8: Loads applied on the truss members for the hov-
ering of the structure in the three-point bottom attachment
scenario. Payload is equal to 30 kg, or about 2.53 times
the assembly mass. Blue colors indicate compressive forces
while red colors indicate tensile forces.
and (11).
ξ =
[
x
y
z
]
(10)
η =
[
φ
θ
ψ
]
(11)
The rotation matrix from the inertial frame to the body-
fixed frame is given by (12), where the sines and cosines are
abbreviated.
Figure 9: Inertial and body-fixed frames of the Tetracopter.
R =
[
cψcθ cψsθsφ − sψcφ cψsθcφ + sψsφ
sψcθ sψsθsφ + cψcφ sψsθcφ − cψsφ−sθ cθsφ cθcφ
]
(12)
The body-fixed frame has linear velocityV B = [u, v, w] and
angular velocity Ω = [p, q, r].
The transformation matrix S is used to obtain the angular
velocities in the inertial frame from the angular velocities in
the body-fixed frame.
Ω = Sη˙ =
[
1 0 −sθ
0 cφ cθsφ
0 −sφ cθcφ
]φ˙θ˙
ψ˙
 (13)
The forces acting on the Tetracopter in the body-fixed frame
are gravity, the thrust of the four rotors, and the air drag [3].
Their sum is equal to the centrifugal force and the derivative
of the linear momentum in the body-fixed frame:
mV˙ B + Ω× (mV B) = mRTG+ T −
kxu2kyv2
kzw
2
 . (14)
The scalars kx, ky , and kz are drag coefficients.
The thrust produced by the rotors can be written
T = kT
[
0
0
ω21 + ω
2
2 + ω
2
3 + ω
2
4
]
(15)
where kT is a coefficient that depends on the ambient air
density and the rotor blades’ characteristics and ωj is the
angular velocity of rotor j.
The angular velocity in the body-fixed frame Ω is given by
the Euler’s equation for a rigid body
M = IqΩ˙ + Ω× (IqΩ) (16)
where Iq is the inertia tensor of the Tetracopter and M the
applied torques.
The applied torques include:
• Mj for j ∈ 1, 2, 3, 4, the counteracting torques induced on
the four stators by spinning the rotor;
• MT , the torques induced by the differential thrust of the
rotors;
• MD , the drag torque induced by the rotation of the
rotorcraft around Ω.
For a rotor j, Mj can be determined with Euler’s equation
applied to the rotor in the body-fixed frame
−Mj +Mdj +Mfj = Irω˙j + IrΩ× ωj (17)
where we use:
• Mdj , the drag torque induced by the rotation of the rotor;
• Mfj , the friction torque of the rotor with with the stators;
• Ir, the inertia of a rotor around its rotation axis.
Since rotors 1 and 3 rotate counter-clockwise and rotors 2 and
4 rotate clockwise,
ωj = (−1)j+1ωjeBz , (18)
Mdj = (−1)jkDω2jeBz , (19)
and
M
f
j = (−1)jkFωjeBz (20)
where kD and kF are respectively a drag and a friction
constant [11, 3].
Combining equations (17) to (20) gives
Mj = (−1)j
[
Irωjq−Irωjp
Irω˙j + kDω
2
j + kFωj
]
. (21)
The torque induced by the drag on the rotorcraft is given by
(22), where kp, kq , and kr are drag coefficients [3].
MD = −
kpp2kqq2
krr
2
 . (22)
(23) gives the torque induced by the differential thrust of the
rotors. a is the length of the side of tetrahedral frame and the
assumption is made that the z-axis intersects the base of the
tetrahedron formed by the rotorcraft in its center.
MT = akT
[
(ω23 − ω21)/4
((ω21 + ω
2
3)/2− ω22)/(2
√
3)
0
]
. (23)
By replacing M by
∑4
j=1Mj + M
T + MD in (16), we
7obtain
Ω˙ = I−1q
( 4∑
j=1
(−1)j
[
Irωjq−Irωjp
Irω˙j + kDω
2
j + kFωj
]
−
kpp2kqq2
krr
2

+ akT
[
(ω23 − ω22)/4
((ω21 + ω
2
3)/2− ω22)/(2
√
3)
0
]
−Ω× (IqΩ)
)
.
(24)
Linearized dynamics
To derive a stabilizing control law at hover, we can linearize
the nonlinear dynamics around θ = 0, Ω = [0, 0, 0] and
V B = [0, 0, 0]. φ and ψ can also be assumed equal to zero
without loss of generality. We write
ωj = ω0 + ∆ωj
where ω0 =
√
mg/(4kt) so that T +mG = 0.
Linearizing (13) gives φ˙θ˙
ψ˙
 = [pq
r
]
(25)
while we also have [
x˙
y˙
z˙
]
=
[
u
v
w
]
. (26)
(14) becomes [
u˙
v˙
w˙
]
=
[
gθ
−gφ
2kTω0
m
∑4
k=1 ∆ωj
]
(27)
and (24) becomes[
p˙
q˙
r˙
]
= I−1q
( 4∑
j=1
(−1)j
[
Irω0q
Irω0p
(2kDω0 + kF )∆ωj
]
+ akT
[
(ω0∆ω3 − ω0∆ω1)/2
((ω0∆ω1 + ω0∆ω3)/2− ω0∆ω2)/
√
3
0
])
(28)
where the term Ir ˙∆ωj has been neglected.
Equations (25) to (28) can be combined together and rewrit-
ten as a linear control system whose state is
[x, y, z, φ, θ, ψ, u, v, w, p, q, r]T
and controls are
[∆ω1,∆ω2,∆ω3,∆ω4]
T .
Control of the Tetracopter
The linearized equation of motion can be used to derive a
stabilizing feedback control law around the equilibrium point
corresponding to hovering. A study of the linear control
system obtained previously could be used to derive an optimal
control law given a cost function to minimize. However,
since the dynamics of the Tetracopter are actually very similar
to the ones of a regular quadcopter, a standard quadcopter
firmware with a PID controller implementation is used to
control the prototype. The PID controller only performs
a stabilization of the attitude based on the angular rates.
The gains were initialized with the knowledge of the rotor
placements and their magnitude for each of the three axes
was fine-tuned by performing flight tests.
A detailed analysis around different equilibrium points could
be performed to derive a more sophisticated and robust con-
trol law stabilizing the rotorcraft around different attitudes.
Future versions of the Tetracopter will include such an analy-
sis and simulation work to design the control policy.
Efficiency Analysis
As the number of elementary modules forming the Tetra-
hedron Fractal Assembly increases, the concern of wake
interactions becomes more apparent. The two parameters
changing the impact of the wake interactions are the distance
between the rotational axis of the rotors, µ, and the distance
between the plane of the rotors, h, as labeled in Fig. 10b and
Fig. 10a respectively. Otsuka and Nagatani experimentally
(a) Side view of the Tetracopter
with the distance between rotor
planes labeled.
(b) Top view cut section of the
Tetracopter with the distance
from the center rotor to the out-
side rotors labeled.
showed that the change in distance between the planes of the
rotors has a negligible impact on the thrust generated by the
rotors given a constant input voltage to the motors [9]. Otsuka
and Nagatani also proved that the distance between the axis
of the rotors, µ, must be at least the diameter of the rotor, thus
not creating an overlap between the rotors on different planes,
for the wake interactions to be negligible. These findings
influenced the design of the Fractal Tetrahedron Assembly
and the Tetracopter prototype. The rotor configuration of the
Tetracopter is optimized for thrust generation, and in theory
is relatively identical to a two dimensional rotorcraft in regard
to efficiency. The effect of the frame of the single-propeller
module on the performance of the enclosed rotor was an-
alyzed using a computation fluid dynamics(CFD) software.
The results of the analysis suggest a thrust reduction of 44%
when compared to the same rotor in free flow. Viewing
Fig. 10b, the rotor coincident with Plane 1 would be the only
rotor to experience a 44% reduction in thrust. From the CFD
results, it is shown that the lower rotors on Plane 2 of Fig. 10b
would experience a thrust reduction of approximately 62%
due to the flow obstruction caused by the Tetracopter’s frame.
4. TETRACOPTER PROTOTYPE DESCRIPTION
AND TESTING
A prototype of the Tetracopter was created to prove that
the vehicle would fly in the given configuration. The goal
of the prototype was to hover out of ground effect without
any noticeable instabilities that could not be repaired through
tuning the PID gains on the flight controller.
Frame
The frame of the single-propeller submodule takes the shape
of a regular tetrahedron. The structure of the single-propeller
submodule was fabricated using several 3D printed parts and
5 mm-wide carbon fiber tubes. The design and materials
used to build the prototype were meant to minimize blocking
the inflow of the rotor as well as reduce the occupied space
directly underneath each rotor. The single-propeller submod-
ules are attached by sliding the feet of the aircraft into the
top connecting piece. The pieces are then bolted together,
as seen in Fig. 11, to form the Tetracopter. In the center of
Attachment
foot
Top attachment
piece
Figure 11: The single-propeller module are attached using
these two 3D printed parts
the Tetracopter, a 3D printed plate holds the battery, power
distribution board, and flight controller. The electronics of
the aircraft are positioned close to the center of gravity of the
rotorcraft for control purposes.
Hardware
The electronics used are commonly used in conventional
quadrotors. The Tetracopter uses four HQProp Ethix S5
5x4x3 rotors and Emax Eco 2306 2400kv motors. The
CC3D flight controller along with four HAKRC BLHeli-32
Bit 35A 2-5s electronic speed controllers are used to control
the motors.
Parameter identification
To fully characterize the proposed aircraft a number of pa-
rameters must be defined starting with the shape of the frame.
As stated before, the frame of the single-propeller module
is in the shape of a tetrahedron as seen in Fig. 12. Using the
variables in Fig. 12, the length of a side of the single-propeller
submodule a is equal to 244.55 mm. Given a the remaining
variables seen in Fig. 12, can be defined using equations (29)
to (33) [5].
x =
1
3
√
3a (29)
Figure 12: Dimensions of a regular tetrahedron [5].
d =
1
6
√
3a (30)
h =
1
3
√
6a (31)
R =
1
4
√
6a (32)
φ = tan−1(
r
x
) (33)
The distance from the axis of the center rotor to the outer
rotors, labeled as µ in Fig. 10a, is approximately 130.4 mm
while the distance between the planes labeled in Fig. 10b as
h is 168.8 mm.
The total mass of the vehicle is approximately 740 g. Given
the degradation in thrust due to the frame of the Tetrahedral
rotor-craft, at 75% motor throttle the estimated thrust to
weight ratio is 1.94.
5. MOTOR FAULT TOLERANCE
The rotor configuration of a FTA allows the vehicle to tolerate
motor failures. Consider a 16 rotor FTA as shown in Fig. 13a
with a rotor configuration, shown from a top view, as seen in
Fig. 13b. This rotor configuration is the result of assembling
four Tetracopters. For this analysis it is assumed that each
rotor can be controlled independently.
(a) 16 Submodule FTA (b) 16 Submodule FTA Rotor
Configuration
Consider the FTA, shown in Fig. 13b, in hover, meaning the
only forces effecting the FTA are those created by the rotors
and gravity. For the FTA to maintain hover in the scenario of
a motor failure the overall thrust must be equal to the weight
of the vehicle and the roll, pitch, and yaw moments of the
vehicle, all expressed in equations (34) to (37), must equal
zero. Using a Computer Aided Design software, the mass
m1 of the 16 rotor FTA is estimated to 3.1 kg. Let rxi and
ryi represent the distance motor i is from the body fixed axes
eBy and e
B
x respectively. Along with the constraints on the
angular velocity of each rotor, equations (34) to (37) are used
9to find the minimum amount of motor failures that would
cause the vehicle to be inoperable. To simplify (36), it is
assumed that the inertia matrix of each rotor is identical and
that the cross products of the inertia matrix are equal to zero.
L = ω21r1yk − r2yk(ω22 + ω23 + ω27 + ω28)
+ r4yk(ω
2
4 + ω
2
5) + ω
2
10r10yk
− r11yk(ω211 + ω212) + ω213r13yk
− r14yk(ω214 + ω215)
= 0,
(34)
M = r2xk(ω
2
2 − ω23)
+ r7xk(ω
2
5 − ω24 + ω27 + ω214 − ω28 − ω215)
+ r6xk(ω
2
6 − ω29 + ω211 − ω212)
= 0,
(35)
N = b(ω21 − ω22 + ω23 + ω24 − ω25 + ω26 + ω27 − ω28
+ ω29 − ω210 − ω211 − ω212 + ω213 − ω214 + ω215 − ω216)
= 0,
(36)
Z =
16∑
n=1
ω2i k = m1, (37)
k =
1
2
CLr
3
propρA, (38)
b =
1
2
CDr
3
propρA. (39)
The variables k and b come respectively from the lift and drag
equations (38) and (39). CL and CD are the lift and drag
coefficients of the rotor, rprop is the radius of the rotor, ρ is
the density of air at standard atmosphere, and A is the disk
area of the rotor.
Equations (34) to (37) can be rewritten as a single equation
by introducing the matrix D ∈ R4×16, not written for
brevity, and the vectors B and F defined below. Inequality
constraints on the rotors angular speeds are also introduced
with the lower and upper bounds lb and ub that come from
the rotor technical limits. (40) is as a constrained linear least-
squares problem and the existence of a solution guarantees
the possibility of an equilibrium point of the system after mul-
tiple rotor failures. In equation (40) the equality constraint
indicates which rotor has failed.
D · F = B s.t
{
P · F = 016×1
lb ≤ F ≤ ub (40)
F =
ω
2
1
...
ω216
 , B =
 000
m1
 ,
P =
 t1 (0). . .
(0) t16
 , (41)
C = 016,1.
The variables lb and ub in (40) represent the upper and lower
bound constraints placed on the angular velocity of the rotors.
The variables ti in (41) are boolean variables that specify if
a motor has failed (i.e motor 1 failure equates to t1 = 1).
Iterating through different motor failure combinations using
(40), it can be shown that the minimum amount of motor
failures needed to hinder the vehicle from hoovering is five.
This analysis is also heavily dependent on the weight of the
FTA. A heavier FTA would have a lower minimum number of
motor failures to hinder steady hover. Although this analysis
proves the system robustness, there is a hardware issue that
will be encountered as the fractal grows. As the fractal
grows in number of rotors, the number of motors to control
inputs increases. This would require the development of
a flight controller network due to current flight controllers
having a finite number of outputs. Coupling rotors so that
a several of them receive the same input would allow to use
fewer controllers but it would change the minimum number
of motor failures needed to make the FTA inoperable.
6. THE 3D-TETRACOPTER ELEMENTARY
MODULE
The final goal of the research that stems from the presented
results, is to develop a fractal tetrahedron assembly made
of independent, self-sufficient tetrahedron rotorcraft that can
assemble in flight.
The elementary module presented previously in this paper is
already made of four tetrahedra with a propeller attached to
each tetrahedron. To create a smaller controllable module
with a single tetrahedron frame, the possibility of adding
three rotors to the single propeller module will be considered.
Each rotor can be chosen to spin clockwise or counterclock-
wise and to produce a thrust directed inward or outward the
tetrahedron module. That leaves four possibilities per rotor
shown in Fig 14 and a total of 256 configurations for a 4-
propeller tetrahedron module.
(a) Outward thrust, counter-
clockwise propeller
(b) Outward thrust, clockwise
propeller
(c) Inward thrust, counter-
clockwise propeller
(d) Inward thrust, clockwise
propeller
Figure 14: Possible configurations of a propeller for the 4-
propeller module
To maintain a steady attitude with the 4-propeller tetrahedron
module in a given configuration, the dynamics of the system
mush have an equilibrium point. In practice, that means
that the propeller configuration must be able to produce a
positive thrust output to oppose gravity while generating null
total torques. An analysis of the total moment generated by
the four propellers shows that it is null if and only if the
propellers spin in the same direction and at the same speed.
This constraint eliminates most of the configurations but 32 of
them (16 with counterclockwise rotations and 16 with clock-
wise rotations). To reduce the numbers of configurations to
study to 16, we can assume without loss of generality that all
propellers spin counterclockwise. Among these 16 configura-
tions, the forces equations rules out the two of them where the
propellers produce a thrust directed all inward our outward
the tetrahedron module, since it wouldn’t be able to oppose
the gravity force. The remaining 14 configurations all have
only one equilibrium that corresponds to the orientation of
the module in which the total produced thrust when all motors
spin at the same speed is opposed to gravity. By considering
the symmetries of the tetrahedron module the number of
configurations can be reduced to three. The three possibilities
being only determined by the number of propellers producing
outward thrust. These three configurations, shown in Fig. 15
are:
• Three outward and one inward (Configuration A);
• One outward and three inward (Configuration B);
• Two outward and two inward (Configuration C).
(a) Configuration A (b) Configuration B
(c) Configuration C
Figure 15: The three stable propeller combinations for the
4-propeller tetrahedron module with counterclockwise pro-
pellers.
In Configuration A (Fig. 15a), the bottom propeller pushes
air outward while the three other propellers push air inward
so that they all have a positive contribution to the total lift.
A geometrical study shows that the lift generated would
be twice the thrust of one propeller, assuming that they all
produce the same thrust. However, the wake interactions
between propellers are likely to affect that number in practice.
Configuration B (Fig. 15b) is the opposite of Configuration A
and has the same theoretical efficiency. Switching from one
of these two configurations to the other would be possible
by using symmetrical airfoil propellers and changing their
direction of rotation.
Configuration C, (Fig. 15c), has two propellers pushing air
outward and two propellers pushing air inward, with the sta-
ble hovering attitude corresponding to the tetrahedron module
lying on one edge. The total lift in this configuration amounts
to 4/
√
3 ≈ 2.309 times the thrust of one propeller. This rep-
resents an improvement over the other configurations. Once
again, this represents an estimate of the generated lift from
geometrical perspectives only. Airflows and propeller wake
interactions can most likely not be neglected for the design
and control of such a module. For this reason, future work
will include simulations and testings of the three described
configurations.
Figure 16: A model of a next iteration of the 3D-Tetracopter
with three rotors configured to produce force vectors pointing
inward while the remaining rotor produces a force vector
pointing inward.
Figure 17: A model of a next iteration of the 3D-Tetracopter
with two rotors configured to produce force vectors pointing
inward while the remaining rotors produce force vectors
pointing outward.
The control law for the new design of the 4-propeller tetrahe-
dron module will need to be developed and tested to verify
that the vehicle can sustain controllable flight. Once this
step is completed the hardware and software needed to allow
11the individual tetrahedron rotorcraft to assemble into a fractal
tetrahedron assembly will be researched and experimentally
tested.
7. FUTURE WORK
The purpose of this research is to set the foundation for future
models of the Tetracopter as well as the Fractal Tetrahedron
Assembly. A prototype of the Fractal Tetrahedron Assembly
with multiple Tetracopters will be built and the precise con-
trol laws at different level of the assembly will be studied.
Although this research proves that the rotor configuration of
the Tetracopter is feasible, there are several parameters of the
current design that could increase the efficiency and control
of the rotorcraft. One of the main improvements, highlighted
by the CFD results, is the aerodynamics of the frame and
the relative positioning of the rotors. In the future, the wake
interaction between the top propeller of the Tetracopter and
the bottom ones will be studied in more details. Reducing
the height of the Tetracopter could potentially improve its
efficiency, at the cost of a reducuded rigidity when assembled.
Future research will also include more sophisticated hardware
for the Tetracopter prototype in order to achieve the goal
of in-flight self-assembly. Other versions of the Tetrahedral
rotorcraft using a single tetrahedron with a propeller on each
face will also be designed. The relationship between the
minimum number of motor failures needed to hinder a FTA
from hovering and the number of rotors in the FTA is also of
interest for future works.
8. CONCLUSION
The presented Tetracopter prototype and Fractal Tetrahedon
Assembly concept set the foundation for the previously dis-
cussed future work. The study of the FTA disk area shows
that it can achieve a good theoretical performance as it grows
in size while maintaining structural rigidity. A Tetracopter
prototype was built and successfully flight tested. Its modular
design will allow fast prototyping of bigger assemblies. An-
other advantage of the FTA shown in this paper is the ability
to withstand multiple rotor failures without loss of control.
In the future, the assembly and control of the multiple quad-
rotorcraft will be studied. Other versions of the Tetrahedral
rotorcraft using a single tetrahedron with a propeller on each
face will also be designed.
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